The generation of localized, spatially periodic patterns on a sandy bottom is experimentally and theoretically studied. Tests are performed in a hydrodynamic flume where patterns are produced downstream from a vertical cylinder under a steady current. It is found that patterns appear as a result of a subcritical instability of the water-sand bottom interface. A dependence of the area shape occupied by the patterns on the flow velocity and the cylinder diameter is investigated. It is shown that the patterns' characteristics can be explained using the Swift-Hohenberg equation. Numerical simulations point out that for a correct description of the patterns, an additional term which takes into account the impact of vortices on the sandy bottom in the wake of a cylinder must be added in the Swift-Hohenberg equation.
boundary is stable with respect to small perturbations when 48 there is no vertical cylinder placed on the bed. 49 This paper is organized as follows. In Sec. II, the experimen-50 tal setup and results are presented. Section III is devoted to the 51 theoretical approach. The theoretical results are compared with 52 * francois.marin@univ-lehavre.fr the experimental findings. The paper ends with conclusions in 53 Sec. IV.
54

II. EXPERIMENTAL SETUP AND RESULTS
55
The experiments were conducted in a 10-m-long, 0.49-m-56 wide current flume. The mean water depth H was 0.2 m. 57 Current was generated by a recirculating pump, as shown in 58 Fig. 1 .
59
The first series of tests was carried out without sediment 60 and without a cylinder. An acoustic Doppler current profiler 61 (ADCP) was used for these tests to get vertical profiles of the 62 fluid velocity in the channel above the artificial bed which 63 was hydraulically smooth. The flow regime was turbulent for 64 all of the tests since the value of the flow Reynolds number 65 Re = UH/υ, where U is the depth-averaged current velocity 66 and υ the water kinematic viscosity, was greater than 5000, 67 the critical value for the flow to be turbulent [11] . The velocity 68 profiles can be described by a logarithmic law characteristic 69 of a turbulent flow, for z > 0.02 m, where z is the vertical 70 distance above the bed (Fig. 2) , except for the highest values 71 of z where the outer flow takes place. This logarithmic law 72 may be written as follows,
where u is the horizontal component of fluid velocity at height 74 z above the bottom, u * the shear velocity at the bed, K the 75 Karman constant which is usually taken to be 0.4, and z 0 a 76 length scale.
77
The test conditions are shown in Table I , where D is the 78 cylinder diameter and Re D = UD/ν. Tests 1-13 were carried 79 out with a 7-cm sand layer of median diameter d = 340 μm 80 and relative density s = ρ s /ρ = 2.65, where ρ s and ρ are the 81 sand and fluid density, respectively, for flow conditions such as 82 the bed shear stress was too weak to move the sediments when 83 there was no vertical cylinder placed on the bottom. A critical 84 value of 0.31 m/s for the depth-averaged current velocity U for 85 the initial movement of the sediments has been experimentally 86 obtained. Below this critical value, the sand particles on the 87 Ref. [12] ,
where θ c is the critical value of the Shields parameter θ for 91 the incipient sediment motion, and D * = [(s − 1)g/ν 2 ] 1/3 d, 92 with g the acceleration due to gravity. The Shields parameter 93 is defined as follows,
where τ 0 is the bed shear stress. Using Eqs. where k s = 2.5d [13] is the roughness length of the bed, lies 101 in the transition region since 5 < u * k s /ν < 70 [11] , and the 102 length scale z 0 in the log-law velocity distribution [Eq. (1)] 103 may be estimated by [11] 
The bottom is considered to be hydraulically smooth when 105 Re * < 5, and hydraulically rough when Re * > 70. In the 106 transition regime (5 < Re * < 70), we have [11] 107 U = 2.5u * ln H 2.72z 0 .
Using Eqs. (2), (4), and (5), we get an estimation of the critical 108 value of the depth-averaged current velocity U for an incipient 109 sediment motion of 0.29 m/s. This result is in good agreement 110 with the experimentally obtained value of 0.31 m/s. 
where S and S c are the equilibrium scour depth and the 117 value of the scour at time t, respectively, and t * is the time 118 scale of the scour process. The value of t * may be estimated 119 from the present tests at 30 min. For our experimental 120 conditions, we have 2100 Re D 5500 (see Table I fields were estimated using the following equation,
where V x and V y are the instantaneous velocity components 176 along the x and y axis, respectively, V x and V y are the 177 time-mean values of V x and V y , and V is the time-averaged 178 velocity fluctuation. The integration time T i was fixed to 16 s, 179 which is a time window greater than ten times the time interval 180 between two vortices shedding for all of the tests. Transverse 181 profiles of V 2 are depicted in Fig. 9 for D = 14 mm and 182 x/D = 1. These profiles exhibit two peaks which correspond 183 to the perturbations induced by the alternate vortex shedding 184 downstream from the cylinder. For a fixed value of D, the 185 intensity of the velocity fluctuations increases for increasing 186 values of Re D , as expected. Figure 9 shows that high values 187 of the velocity fluctuations are located in the wake zone for 188 −1 y/D 1. The variation of V 2 with the dimensionless 189 distance from the cylinder in the current direction x/D is 190 plotted in Fig. 10 for y/D = −0.3 for the same tests as in 191 Fig. 9 . Figure 10 shows that, outside the immediate vicinity of 192 the cylinder, the time-averaged velocity fluctuations decrease 193 quite rapidly for increasing values of the distance x from the 194 cylinder. As previously mentioned, no pattern appeared for 195 test 1 when the patterns were generated for the other tests 
where u is the order parameter, Instability to infinitesimal perturbations occurs if ε > 0. If 219 ε < 0, linear instability is absent. The instability occurs for 220 q > 0, if the initial perturbations are sufficiently large. It is the 221 so-called subcritical instability appearing in many physical 222 systems. The Swift-Hohenberg equation is widely used as a 223 model to describe pattern formation [16, 17] . In particular, it 224 has been used to model patterns in fluids such as Rayleigh-225 Bénard convection. oriented along the X direction. This is confirmed by Fig. 12,   237 representing results from Eq. (10) for ε = 0.01.
238
In our case, ε < 0 as our experiments are carried out in 239 the subcritical regime, and patterns arise only in the wake of 240 the cylinder where velocity and pressure perturbations initiate 241 instability due to quadratic nonlinearity. We take into account 242 these perturbations by adding a force f (X,Y ) corresponding 243 to the time-averaged pressure forces acting on the sand-water 244 interface on the right-hand side of Eq. (10):
We suppose that this force is proportional to
is the spatially modulated random field defined by Eq. (7), for the present tests, using the PIV method as described above.
252
The shape of this force can be qualitatively explained as 253 follows. Along a streamline, we can use the Bernoulli equation,
where C is a constant. A pressure decrease is induced by an 255 increase of the velocity. Therefore, low pressure corresponds In this equation, l is half of the lateral extension (in the Y 261 direction) of the sand pattern at the equilibrium state, and t eq 262 the time required to reach equilibrium. It should be noted that 263 Eq. (11) can be written in the general gradient form
where F is the free-energy functional,
and is the two-dimensional region of space in which 266 the pattern occurs. The time derivative of this free-energy 267 functional gives us
Free energy may only decrease as it evolves. The limiting 269 behavior for gradient systems is either a steady attractor or 270 propagating fronts. Using the Fourier spatial method, we 271 numerically find nonhomogeneous steady states, as shown 272 below.
273
Let us compare experimental and theoretical results at 274 the equilibrium state. The value of the coefficient q is 1.6 275 for the present simulations, and the number of iterations is 276 500. Figures 13-15 reproduced. It is not surprising to obtain a greater spatial 281 extension for tests 5 and 9 than for test 2, since tests 5 282 and 9 involve higher fluid velocities and a larger cylinder 283 diameter, respectively, leading to larger time-averaged velocity 284 fluctuations, and then to a greater force f (X,Y ).
285
IV. CONCLUSIONS
286
The formation of localized sand patterns downstream from a 287 vertical cylinder under turbulent steady flows is experimentally 288 and theoretically studied. Tests which were carried out in a 289 hydrodynamic flume depict the generation of patterns as a 290 result of a subcritical instability of the water-sand interface. 291 Lee-wake vortices induced by the cylinder lead to perturba-292 tions in the velocity field and to an additional force on the sandy 293 bed. The present results show that localized steady states may 294 be numerically obtained by using a modified Swift-Hohenberg 295 equation with an additional term for this force. Numerically 296 obtained pattern characteristics are in reasonable agreement 297 with experimental observations.
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